BAIRE ONE FUNCTIONS

JOHNNY HU

ABSTRACT. This paper gives a general overview of Baire one func-
tions, including examples as well as several interesting properties
involving bounds, uniform convergence, continuity, and F, sets.
We conclude with a result on a characterization of Baire one func-
tions in terms of the notion of first return recoverability, which is
a topic of current research in analysis [6].

1. HISTORY

Baire one functions are named in honor of René-Louis Baire (1874-
1932), a French mathematician who had research interests in continuity
of functions and the idea of limits [1]. The problem of classifying the
class of functions that are convergent sequences of continuous functions
was first explored in 1897. According to F.A. Medvedev in his book
Scenes from the History of Real Functions, Baire was interested in the
relationship between the continuity of a function of two variables in
each argument separately and its joint continuity in the two variables
[2]. Baire showed that every function of two variables that is continuous
in each argument separately is not pointwise continuous with respect
to the two variables jointly [2]. For instance, consider the function

Ty
.f(x7y) - 1’2 +y2
Observe that for all points (z,y) # 0, f is continuous and so, of course,
f is separately continuous. Next, we see that,

. Ty . Ty
lm ———= Ilim —-—=
@0)—(00) T2 + Y2 (04)—(0,0) 2% + y?
as (z,y) approaches (0,0) along the z-axis and y-axis respectively.
However, as (z,y) approaches (0,0) along the line y = x, we have

xy 1

lim —%—=_-.

(z,2)—(0,0) 2 +y2 2

Hence, f is continuous along the lines y = 0 and x = 0, but is discon-
tinuous overall at (0,0). It can be shown that f is a Baire one function.

It was this idea that motivated the development of the classification
1
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of Baire class functions, which was later generalized in Baire’s 1899
dissertation Sur les fonctions des variables réelles [2].

In general, a function that is Baire class n, is the pointwise limit of
a sequence of Baire class n — 1 functions, where Baire class 0 consists
of the set of all continuous functions [3]. For instance, a function that
is Baire class one (which we will define in the next section) is the
pointwise limit of continuous functions. Functions that are Baire class
two are the pointwise limit of a sequence of Baire class one functions,
and so on.

2. PRELIMINARIES AND DEFINITION OF BAIRE ONE

Before we define what it means for a function to be Baire one, it
is necessary to first introduce some background that will be helpful.
We assume that the reader has some familiarity with sequences of real
numbers and what it means for a sequence to converge. It is possible to
make analogous statements in terms of functions. Let {f,,} define a se-
quence of functions whose domain and range is the set of real numbers.
We are interested to see if { f,,} converges to a specific function at each
point in its interval for which it is defined. This type of convergence is
known as pointwise convergence and we state it below.

Definition 1 (Pointwise Convergence). Let {f,} be a sequence of func-
tions defined on a set D and also let f be a function defined on D. If
the sequence {f,(x)} converges to f(x) for each x € D, then {f,}
converges pointwise to f on D.

In other words, f(x) = lim, . f,(z) for all x € I. An example to
illustrate the definition is as follows. Let g, : [0,1] — R be defined as
gn(x) = 2. We see that the sequence converges pointwise to

[0, forzel0,1);
9@_{ 1, ifx=1.
From Figure 1, we notice that each g, is continuous on the closed
interval [0,1]. Given our definition of pointwise convergence, we now
state the formal definition of a Baire one function.

Definition 2. [5] Let D C R. A function f : D — R is called a Baire
one function if f is the pointwise limit of a sequence of continuous
functions, that is, if there is a sequence {f,} of functions continuous
on D such that for every x € D, f(z) = lim,,_ fu(x).

The function g above is an example of a Baire one function since
each function g, is continuous and converges pointwise to g on [0, 1] as
n — 00.
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FiGURE 1. The function g,, n =1,2,3,4,5,6

3. EXAMPLES AND SOME PROPERTIES OF BAIRE ONE FUNCTIONS

We now present some examples as well as some interesting properties
of Baire one functions. As shown in the previous section, a Baire
one function does not have to be continuous, however all continuous
functions are Baire one by definition. To show this, suppose j is a
continuous function and let j, : R — R where j,(z) = j(z) + 1/n, for
each n € ZT. Tt follows that j(x) = lim,, . jn(2).

Another question that we might ask is whether or not we can we
extend the domain of a Baire one function to the entire real line. The
answer is yes. Let k, : R — R be defined as the following:

0, if v <5— 1
() = nx — (5n — 1), if5—%§x§5;
n —nz+ (bn+1), if5 <z <5+ L
0, ifx>5+%.

We see that k,, converges pointwise to k on R (see Figure 2) where,

0, ifx#b5;
M@—{1,ﬁx:5

This shows that functions can still be Baire one if they are discontin-
uous at one point. One of the questions one might ask is the following,
how many points of continuity does a Baire one function have to have?
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FiGURE 2. The function k,, n =1,2,3,4

More specifically, can a Baire one function be everywhere discontinu-
ous? The answer is no, and the reason will be addressed later on. In
fact, we will see that Baire one functions must have many points of
continuity.

However, suppose f : R — R has a finite number of jump disconti-

nuities at * = x1, 9, ..., 2. Is f Baire one? The answer is yes. Let
T = X1,T9,...,T; be the finite number of discontinuities of f, where
Ty < X9 < T3 < -+ < 2. We will show the case when k = 1. Given

any positive integer n, we see that f is continuous on the interval
(—o0, 1 — 1/n), so define f,(x) = f(z) on this interval. Likewise,
fn(x) = f(z) is continuous on the interval (z1+1/n,x3), where z =
is the next point of discontinuity. We then define our function f,, such
that f,(z) is a linear function on the interval [y — 1/n, 2] connect-
ing the points f(x; — 1/n) and f(x1) together (in order to guarantee
the continuity of the f,s) and likewise on the interval [zi, 27 + 1/n]
connecting the points f(z1) and f(z; + 1/n) in a linear manner. As
a result, f,, converges to f as n approaches infinity. The same process
can be repeated for the other points {zs, x3, ..., 2} where f is discon-
tinuous. We have just shown that functions with finitely-many points
of discontinuities are Baire one.
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Another interesting property is as follows. Suppose f and g are Baire
one functions, both mapping D C R into R. Since the sequences {f,}
and {g,} converge pointwise to f and g respectively, it follows by a
property of convergent sequences that {f, + g,} converge to f + ¢g and
hence f + g is Baire one. Likewise, the sequence { f,g,} converges to
fg by a similar argument and fg is Baire one [4].

Finally, we note that all differentiable functions are Baire one. This
should not be too surprising, since all differentiable questions are con-
tinuous, and all continuous functions are Baire one by definition. A
proof of this fact is given in the next theorem.

Theorem 1. Suppose f : R — R is differentiable. Then f’ is Baire
one.

Proof. We will show that f'(x) = lim, . fu.(z). From calculus, we

know that the definition of the derivative of a function f is defined as

o) — i 20 = 1)

h—0 h

We want our expression of f’ to be in the form of an infinite limit.
Hence, the following is an equivalent statement.

flx+h) - fx)

) = iy h
1
_ ILm f(55+gl)—f($)

and note that f,, is continuous

- melert) o]
o]

Let f.(x) = n{f(:ﬂ +1) -
forn=1,2,3.... We conclude that,

@) = lm n[f <x+ %) - f(@]
= )
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4. BounDS AND UNIFORM CONVERGENCE

In this section, we present some properties of Baire one functions that
pertain to bounds. An interesting question one might ask is whether a
Baire one function f : [a,b] — R must be bounded that is, does there
exist a real number M such that |f(z)| < M for all x € [a, b]?

We first give an example of an unbounded Baire one function f :
[0,1] — R. Next, we give two properties of bounded Baire one func-
tions and conclude with a theorem about uniform convergence.

Let f, and f be defined as follows on the closed interval [0,1]. We
note that {f,} is a sequence of continuous functions.

2 f

h@%:{gf’%
0, ifz=0;

ﬂ@—{lm,ﬁ0<xg1

It’s obvious that f is unbounded on [0,1]. We will show that f,
converges to f pointwise on [0,1]. Let z € [0,1]. Then we have two
cases to consider.

If x =0, we have f,(0) =0 = f(0) for all n.

If 0 < 2 <1, we note the following. Choose a positive integer N
such that 1/N < z. Then f,(x) = 1/z = f(x) for n > N, since
1/n <1/N < z. It follows that

lim fu@) = lim f(x) = f(a),

Hence, f, converges pointwise to f. We have just found a Baire one
function that is unbounded.

The next result shows that given a Baire one function with bound
M, we can find a sequence of continuous function { f,,} that converges
pointwise to f with the same bound.

Lemma 1. If f : [a,b] — R is a bounded Baire one function with bound
M, then there is a sequence { f,,} of continuous functions such that each
fn has the same bound M and such that {f,} converges pointwise to f
on la, b].

Proof. Let {g,} be a sequence of continuous functions that converges
pointwise to f on a closed interval [a, b]. Suppose also that f has bound
M. Let {f,} be the sequence defined piecewise by
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—M, if gn(x) < _M;
fu(@) = q gnlx), if =M < g,(x) < M;
M, if g, (z) > M.

It is apparent that each f,, has bound M. Since f also has bound
M and each g, converges pointwise to f on [a,b], it follows that { f,}
converges pointwise to f on [a, b] with bound M. O

We use this result in the proof of the following lemma, which will
in turn be used to help show the relationship between Baire one and
uniform convergence.

Lemma 2. Let {fi} be a sequence of Baire one functions defined on
la,b] and let Y p2 | My, be a convergent sequence of positive real numbers.
If |fe(x)] < My for all k and for all x € la,b], then the function
f(z) =302, fu(z) is a Baire one function.

Proof. Let {fi} be a sequence of Baire one functions defined on [a, 0]

and let Y .2 | My be a convergent sequence of positive real numbers.Since
each fy is Baire one, for each positive integer k, there exists a sequence

{gk,} of continuous functions such that g; converges pointwise to f

on [a,b] and by Lemma 1, |gg;| < M for all i. For each positive integer

n, let

We will show that {h,} converges pointwise to f on [a,b]. Fix a point
x € [a,b] and let € > 0. By assumption, there exists a positive integer
K such that > ;7 ., M, < e. Choose an integer N > K such that
\gri(x) — fr(z)] < & for 1 <k < K and for 7 > N. For any n > N we
have,

|hn(2) = f(2)] =

> gu(@) = fulw)

< D lgwnl@) = L@+ | DD fl)

< D gen(@) = fe@)+ ) gwm@)+ > i)
=1 k=K -+1 k=K-+1

< Z%+2 i M,
k=1 k=K-+1
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Since € > 0 was arbitrary, it follows that {h,(x)} converges pointwise
to f(x) for all z € [a,b]. O

While the definition of Baire category one functions relies simply on
the fact that a sequence of continuous functions converges pointwise
to a limit function f, pointwise convergence does not guarantee that
the limit function necessarily retains the same properties of each of
the functions f,. In order to ensure that the functions f,, and f have
the same properties, a stronger kind of convergence (defined below) is
required [4].

Definition 3 (Uniform Convergence). Let {f.} be a sequence of func-
tions defined on a set D and let f be defined on D. The sequence {f,}
converges uniformly to f on D if for each € > 0 there exists a positive
integer N such that | f,(x) — f(z)| < € for allx € D and for alln > N.

From the definition we see that uniform convergence is pointwise
convergence with the added property that given any € > 0, the choice
of N is independent of x € D [4]. Figure 3 shows that for sufficiently
large N, the graph of f,, must lie between the dotted lines around the
graph of f.

To give a simple example that illustrates the definition, consider the
sequence {f,} defined by f,(z) = cos(nx)/n for all n. We will show
that this sequence converges uniformly to the function f defined by
f(z) =0 for all z € R. Let € > 0 and choose a positive integer N such
that N > 1/e. Then for all n > N and z € R,

1
N

cos(nx)

< < €.

fula) — £ ()] = -

<
n

The inequality shows that the sequence of functions {f,} converges
uniformly to the limit function f on R.

Our goal is to show that the limit function f of a uniformly conver-
gent sequence of Baire one functions {f,} is also Baire one.

Theorem 2. Let {f,} be a sequence of Baire one functions defined on
la,b]. If {f.} converges uniformly to f on |a,b|, then f is a Baire one
function.

Proof. Let {f,} be a sequence of Baire one functions that converges
uniformly to f on [a,b]. By definition of uniform convergence, for each
k, there exists a subsequence { f,, } such that |f,, (z) — f(x)| < 27 for
all z € [a,b].
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F1Gure 3. Illustration of Uniform Convergence [4]

Let’s consider the sequence { f,, ., — fn, }. We see that by the triangle
inequality,

[ frieir () = foui ()] [ (2) = F(@)] + 1 f (@) = fo, ()]

2—(k‘+1) + 2—k2

%(2—’“) +27F = G) 27",

Let M, = (3/2)27% and note that |fn,,,(z) — fu.(z)] < M and
> pe My is a convergent geometric series. We will show that the func-
tion Y ;7 [fap, () — fo, (@)] is Baire one and use the result of Lemma
2 to show that f is Baire one. Thus,

<
<

o0 N
k:l ;1 N
= Jim Y fon (@)= fule)
k=1 k=1

= f(@) = fu ().
By hypothesis, the function f,,, (z) is Baire one. It follows by Lemma

2 that the function Y 77, [fn,,, (2) — fu.(2)] = f(x) — fu.(2) is Baire
one. Since f(x) = (f(x) — fn, (%)) + fu,(z) and the sum of two Baire
one functions is Baire one, f is also Baire one. O

5. F, SETS

We now try to find a way to determine whether or not a function
is Baire one by using properties and results of F, sets. We first define



10 JOHNNY HU

several properties of F, sets. Then, we digress briefly to present a
theorem about continuous functions that is an analog of our main result
of this section. Finally, we present and prove our main result.

Definition 4 (F, set). [5] A subset A C R is called an F, set if A is
a countable union of closed sets. In other words, A = J.—, F,, where
each F, is a closed subset of R.

The following are examples of F, sets on the real line. Let X = (0, 1),
Y =10,1), and Z = [0, 1] respectively. Then we have,

< T1 1

x = Ul
* 1

Y = {0,1——};
A

o0

z = Jlo.1];

=1

which are all countable unions of closed sets of R. It’s obvious from the
definition that every closed set is also an F, set, but our constructions
of X and Y show there exist sets that are I, and not closed. In fact,
all open subsets of R are also F, [4].

We now present some properties of F, sets.

Lemma 3. The intersection of two F, sets is an F, set.

Proof. Let A= J;Z, Ai and B = J;2, Bj, such that A;’s and B;’s are
closed sets. We see that by DeMorgan’s Laws,

AN B = (UZ4) N (U2, B)) = U2, U, (AN B))
For each 7 and j, the set A; N B, is a closed set. Hence AN B is an F,
set. ]

Lemma 4. Suppose that K and E are closed subsets of R. Then K — FE
is an F, set.

Proof. Let K and E be closed sets. Since every closed set is an F, set
and every open subset of R is also an F, set [4], it follows from Lemma
3 that,

K—-—E=KnE°“

is an F, set, where E¢ denotes the complement of the set £ (which is
an open set). O
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The next result states that a closed interval [a,b] which equals a
countable union of F, sets, can also be written as a countable union
of “smaller” disjoint F, sets. It will be used in the proof of the main
theorem of this section which gives a criterion that determines whether
or not a function is Baire one.

Lemma 5. Suppose [a,b] = |J,_, Ax and each Ay is an F, set. Then
la,b] = U;_, Bx where each By, is an F, set, By C Ay, for each k, and
the By’s are pairwise disjoint.

Proof. Suppose [a,b] = |J,_, A and each Ay, is an F, set. By definition
of F, sets, each set Aj is a countable union of closed sets. It follows
that [a,b] = U, Ax = U;2, E; where each E; is closed and E; C A,
for some k.

Next, let H1 = El, and Hz = Ez - (El U---u Ei—l) for ¢ 2 2. It
follows from Lemma 4 that each H; is an F,, set. Since [a,b] = ,_, Ak
and each H; C Ay for some k, [a,b] = U;_, Ax = U~ Hi. We will
now show that each of the H;’s are pairwise disjoint. We see that by
DeMorgan’s Laws,

HlﬂHQ - Elﬁ(Eg—El):@
HyNHy = (Ey—E)N[E;— (B U Ey)]
= (Eg —El)ﬂ [(E3—E1) N (Eg —Eg)] == @

HNH_y = [E;—(EyU---UE,_)|N[Ei-1 — (E1U---UE;_)]
= (Ei—E)N[E;, — (EyU---UE;_1)]
N (Bioi—E)N[E— (EBaU---UE;_)] = 0.
Hence, the H;’s are pairwise disjoint.
Now, define
I, ={i: H; C A}
and
Hk:{iZZ+—(H1U'-'UHk_1)ZHZ' gAk},
for 2 < k <n. Also, let
B.= | J H..

i€y,
We will show that the By’s are pairwise disjoint F, sets, By C A, for
each k, and conclude that [a, b] = J;_, Bx.

Since each B, is made up of pairwise disjoint F, sets H;, it follows
that the B,’s are pairwise disjoint F, sets as well. Also, since each
H; C A, for some k, it follows that B, C Ay for all k. Lastly, since
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la,b] = U;2, Hi, we ask if all of the H,’s are used to build each of the
By’s. The answer is yes, since by definition of By, for a given j, H; is
used to build B; where | = min{k : H; C A;}. Hence, [a,b] = |,_, Bs.
This completes the proof. O

We digress briefly to present a theorem concerning continuous func-
tions. This will “motivate” an analogous result for Baire one functions.

We first present a definition and several results that will be used in the
proof of Theorem 3.

Definition 5. [4] Let A be a set of real numbers.
(1) A set E C A is open in A if there is an open set O such that

E=ANO.
(2) A set EC A is closed in A if there is a closed set ' such that
E=ANF.

Lemma 6. [4] Let A be a set of real numbers.
(1) A set E C A is open in A if and only if A — E is closed in A.
(2) A set E C A is closed in A if and only if A— E is open in A.
(3) If A is an open set, then a set E C A is open in A if and only
if it is open.
(4) If A is an closed set, then a set E C A is closed in A if and
only if it is closed.

Lemma 7. [4] Let E be a set of real numbers. A point x is a limit
point of E if and only if there exists a sequence of points in E — {x}
that converges to x.

We are now ready to prove the following result.

Theorem 3. A function f : [a,b] — R is continuous on |a,b] if and
only if the sets {x € [a,b] : f(x) <r} and {x € [a,b] : f(x) > r} are
open in [a,b] for each real number r.

Proof. Suppose that the sets {x € [a,b] : f(z) < r} and {z € [a,}] :
f(z) > r} are open in [a,b] for each real number r. Let ¢ € [a, b] and
let € > 0. By definition, we see that there exist open sets O; and O,
such that

{z €la,b]: f(x) < f(c)+€} =[a,b] N O
{z €la,b]: f(x) > f(c) — €} = [a,b] N Oy
where r = f(c) L e.

Since ¢ € [a,b], and O; and O, are open sets, the set O = O; N Oy
is an open set that contains the point c¢. Next, choose § > 0 such that
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the interval (¢ —d,c+d) C O. If |x —¢| < § and = € [a,b], then
x € [a,b] N Oy and x € [a,b] N Oy by the definition of O. Hence,

fle) —e< f(z) < flo) +e
It follows that |f(x) — f(c)| < € for all x € [a,b] such that |z — ¢ < J.
This shows that f is continuous on [a, b].

Next, suppose that f is continuous on [a, b] and let  be a real num-
ber. To show that the sets {z € [a,b] : f(z) < r} and {z € [a,}] :
f(z) > r} are open in [a, b] for each real number r, we will use proper-
ties (2) and (4) of Lemma 6, and Lemma 7 to show that the sets

{z €la,b] : f(z) <r}
{z €[a,b]: f(x) >}

are closed in [a, b], that is each set contains all of its limit points.

First, let £ = {z € [a,b] : f(z) > r} and suppose w is a limit point
of E, that is, for each positive number m, the set (w —m,w +m)NE
contains a point of F other than w. By Lemma 7, there exists a
sequence {z,} in £ — {w} that converges to w. By assumption, f is
continuous at w, so the sequence {f(x,)} converges to f(w). Since
f(z,) > r for all n, we have f(w) > r. Thus, w is in E.

Likewise, let G = {z € [a,b] : f(z) < r} and suppose d is a limit
point of G. By Lemma 7, there exists a sequence {y,} in G — {d} that
converges to d. By assumption f is continuous at d, so the sequence
{f(yn)} converges to f(d). Since f(y,) < r for all n, we have f(d) < r.
Thus, d is in G.

We have thus shown that £ and G each contain all of their limit
points. By definition the sets F and G are closed. O

We now introduce the concept of the characteristic function of a set
B C R. Lemma 8 is called the Tietze Extension Theorem, which is
a result from analysis (or, more generally, topology) [4]. Lemma 9 is
a result that uses both the definition of the characteristic function of
a set and the Tietze Extension Theorem, and will also be used in the
final theorem of this section.

Definition 6. Let B C R. The characteristic function of B is the
real-valued function xg : R — R defined by the equation

|1, ofzeB;
XB(I)_{O, ifr €R— B.
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Lemma 8 (Tietze Extension Theorem). Let E be a closed set. If a
function f : E — R is continuous on E, then there exists a continuous
function f.: R — R such that f(x) = fe(x) for all x € E.

Lemma 9. Suppose that [a,b] = \J,_, Bx where each By, is an F, set
and the By’s are pairwise disjoint. Let

flx) = crxs, (@)

for x € [a,b]. Then f is a Baire one function.

Proof. For each k let B, = |J, EF where the sequence {EF} is a
nondecreasing sequence of closed sets. This is possible because by
assumption, each By is an F, set. For each positive integer m, let

n
Jm = E Ck X EE, -
k=1

We will verify that the restriction of f,, to the closed set |J;_, E¥ is
continuous.

Suppose there exists a sequence {x;} that converges to zy € UZ=1 Ef‘f1
Let zy € E}n for some fixed j, 1 < 5 < n. We claim that all but
finitely many of the z;’s are in EJ . Suppose not, then there exists a
subsequence {z;,} C E*  such that {;, } converges to xy € E¥. Since
each E* is closed and disjoint, the set EJ, contains finitely many points
xXy.
Thus, for sufficiently large I, f(x;) = ¢; = f(xo). This certainly im-
plies that f(x;) converges to f(x¢). By definition, f is continuous at
zy and hence on all of |J,_, E¥.

Now let g,,, be the linear extension of f,, from |J;_, E¥, to all of R.
By the Tietze Extension Theorem g¢,, is continuous on R. Hence, g, is
continuous on [a, b].

Finally, since
fa) = lim g, (x)

for all = € [a,b], the sequence {g,,} converges pointwise to f on [a,b].
It follows that f is the pointwise limit of a sequence of continuous
functions. By definition, f is Baire one. 0

We now present the main result of this section, and as stated earlier,
it “looks” very similar to Theorem 3 concerning continuous functions.
It follows from the next theorem that a function f is Baire one if and
only if two sets involving the inverse image of f are F, sets.
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Theorem 4. A function f : [a,b] — R is a Baire one function if and
only if the sets {x € [a,b] : f(x) <1} and {x € [a,b] : f(x) > r} are
F, sets for each real number r.

Proof. Suppose that f is a Baire one function. Let {f,} be a sequence
of continuous functions that converges pointwise to f on [a, b, and let
r be a real number. It can be shown that

(zefab:f <r}—UU{ﬂ{z€ab] fn(x)gr—%H.

k=1p=1

Since f,, is a sequence of continuous functions, the set

{ecniinwsr}

is closed, since the inverse image of a closed set is closed [4]. It follows
that the set {z € [a,b] : f(z) < r} is an F, set since the countable
union of intersections of closed sets is an F, set. Since f is Baire one
by assumption, — f is Baire one by properties of Baire one functions.
Hence, the set {z € [a,b] : f(z) > r} is also an F, set using a similar
argument.

For the converse, suppose that f is a bounded function such that
the sets {x € [a,b] : f(z) < r} and {z € [a,b] : f(z) > r} are F,
sets for each real number r. We will show the general case (when f
is unbounded) later on. We use the following construction to produce
a sequence {f,} of Baire one functions. Choose M > 0 such that
|f(z)| < M for all x € [a,b]. Next, fix n and let

2M
w = —M + k,

for 0 < k < n. Also, let

A ={z € [a,b] : yp—1 < f(¥) < Y1},
for 1 <k <n. Let
A = {zela]: f(z) <yp}
B = {x€lab|: f(z) <ygp1}

We will show that A, = AN B® is an F, set, where B¢ denotes
the complement of B. By hypothesis, A is an F, set. We see that
BY = {x € [a,b] : f(x) > yp_1} is an F, set by the same argument.
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Since the intersection of two F sets is also an F, set, it follows that
Ay is an F}, set as well. Also by hypothesis,

n—1
[a, b] = U Ak
k=1
By Lemma 5, [a,b] = Z;i By, where each By, is an F, set, B, C Ay,

for each k, and the By’s are pairwise disjoint. For each n, define f, :
[a,b] — R as

n—1
Fal@) = yrxs, (2).
k=1
By Lemma 9, f,, is a Baire one function.

The sets By, By, ..., B,_1 are pairwise disjoint and partition |a, b].
Next, fix n and z € [a,b]. There exists j, 1 < j <n, such that x € B;
and B; C A;. By definition, f,(z) = y;, for x € B;. We know that

Yi-1 < f(@) <yjer, Yo <y < Yyt
Since f,(x) = y;, we have,
Yj—1 < folz) < yj41.
Thus, by definition of ¥, above,
1
|fulz) = f(2)] < §‘yj+1 — Yj-1]
2M

)

n

for all z € [a,b] and all n € N. By definition, the sequence {f,} con-
verges uniformly to f on [a, b]. By Theorem 2, f is a Baire one function.

For the general case (where f is not necessarily bounded), let A :
R — (0,1) be a continuous increasing function. For each real number
r we have,

(ho )~} (r,00) = f7(h7(r,00))
by properties of functions. We will show that,

la, b], if r < 0;
(ho f)y M (r,o0) =< fHh7Hr),00), if0<r <1
0, if r>1,

where f:[a,b] - R, h: R — (0,1), and (ho f) : [a,b] — (0,1). We
note that h o f is a bounded function.
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For » <0, we have,
ht((r,00)) = {z€R:h(x) € (r,00)}
= {zeR:h(x)>r}=R.
Thus, (h o £)~(r,00) = £~ (h~}(r,00)) = f~ (R) = [a,1].

For 0 < r < 1, we see that,
Rt ((r,00)) = {z€R:h(x) <€ (r,00)}
{r eR:h(x) >}
{reR:z>h"'r)}
(h(r), 00).
Thus, (ho f)"!(r,00) = fH(h7}(r,00)) = f~H(h7}(r), 00).

Finally, for r > 1,

h Y ((r,00)) = {z €R:h(z)

Thus, (ho f)7}(r,00) = f~H(h7(r,00)) = f7(0) = 0.

Since,

(hof) H(r,00) = [T (h7}(r,00))
= {ﬂf € [a,0] : f(z) € (h™}(r), 00)}
= {z€fad]: flx) > (r)},

it follows that h o f satisfies the condition in the theorem and hence is
a Baire one function. By properties of functions,

f=h"o(hof).

Since h is continuous and increasing, it is Baire one. By properties of
limits, the composition of a continuous and a Baire one function is also
Baire one. It follows that f is a Baire one function. This completes
the proof. O

As an illustration of Theorem 4, consider the characteristic function
X on the set Q of rational numbers,

1, ifx e
Xd@_{o,ﬁxeR—Q
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We know that the set of irrational numbers R—Q is not an F), set [4].
Letr = 1. Theset {x € [a,b] : xo <1} ={x € [a,b] : xog =0} =R-Q
is not an F, set. Hence, the function x¢ is not a Baire one function.*

6. PoiNTS OF CONTINUITY OF f

Recall that many Baire one functions are discontinuous, but cer-
tainly not all discontinuous functions are necessarily Baire one. How
discontinuous are Baire one functions? Since the nowhere continuous
function x¢ is not a Baire one function, we may wonder whether Baire
one functions must be continuous somewhere over its domain. In fact,
we will show that if f is a Baire one function, then every closed interval
contains a point of continuity of f.

We need some new definitions to help us with our proof. In addition,
the following lemmas will be useful. Let f : R — R be a fixed function.

Definition 7. Let A CR. The extended (possibly infinite) real number
w(A) =sup{|f(z) — f(y)| : x,y € A} is called the oscillation of f on
A

One can think of the oscillation of a function f on a set A as roughly
the largest distance between the maximum and minimum values of f(x)
for all x € A. We can also define the oscillation of a function f at a
point. This is shown as follows.

Definition 8. For zq € R, let As = (z9 — 9,29 + d) for each § > 0.
The oscillation of f at xq is the number w(xy) = lims_ow(As).

Let’s use this definition to show a simple (yet important) result in-
volving continuity.

Lemma 10. f is continuous at xq if and only if w(xg) = 0.

Proof. First, suppose f is continuous at xg and let € > 0. By definition,
there exists § > 0 such that |f(z) — f(z0)| < 5. Then, for all 7,y € A;

[f(@) = F)l < [f(2) = flzo)| + [f (o) = F(y)]

e € 2e
It follows that sup{|f(z) — f(y)| : 2,y € As} < 2e < e. Since € > 0
was arbitrary, we have w(z) = 0.

For the converse, suppose w(zg) = 0 and let € > 0. There exists
dp > 0 such that |w(As)| < € for all x such that |x — x| < dp. Thus

'While not Baire one, it can be shown that y¢ is Baire class two. See [7].
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by definition, lims_osup{|f(z) — f(y)| : ,y € As} = 0 and |f(z) —
f(xg)| < €. Therefore, x is continuous at . O

The next lemma will be used in our proof of Theorem 5. It is men-
tioned in discussion notes [5], and it won’t be proved here. It is a
version of a famous theorem called the Baire Category Theorem.

Lemma 11. Suppose that {D,} is a sequence of closed subsets of R
and that [a,b] = J.~, Dy. Then at least one of the sets D,, contains a
closed interval.

We are now ready to prove the following.

Theorem 5. If f : R — R is a Baire one function, then every closed
interval contains a point of continuity of f.

Proof. Let I be a closed interval and {f,,} be a sequence of continuous
functions on R such that lim,,_. fn(z) = f(z) for all z € R. We will
prove that I contains a point of continuity of f.

Let € > 0. We first show that there exists a closed interval Iy C I§
such that w(l;) < €, where [§ is the interior of /j (or the non-endpoints
of Iy). For m,n € N, let

) Ao = {2 € 10+ 11a0) = froml)] < 5}

Since f,, is a sequence of continuous functions and the inverse image
of a closed set is closed, the set A,,, is closed [4]. By properties of
closed sets, the set

m=1
is closed for all n We will now show that
Iy = U D,

n=1

We note that D, C I, by definition. Hence, we need to show that
Iy C D, for some n. In other words, given a fixed x € I, we must find
an N such that x € Ay, for all m.

Let € > 0. Since by hypothesis, lim,, ., fo(z) = f(x) for all z € R,
there exists a positive integer N such that |f,(z) — f(z)| < § for all
n > N. It follows that,
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() = frem ()|

IN

[fn(z) = f(@)] + [f(z) = fnem(@)]
¢
- 6 6 3
Thus, z € Ap,, for allm, x € Dy, and Iy C D,, for some n. By Lemma
11, there exists n € N and a closed interval J such that J C D,,.
Next, we note that for a fixed n, f,1.,(x) converges pointwise to f(x)

for all = € Iy. It follows from (1) that

2) | fulz) — F(2)| < % for all z € J.

We now show that there exists a closed interval [; C J° C I such
that w(Iy, f) < e. First, we show that w(/1, f,) < 5. This new notation
denotes the oscillation of f, over the interval I;. Since each f, is
continuous on J, then f, is uniformly continuous on J [4]. Let ¢ > 0.
There exists 0 > 0 such that |f,(z) — f.(y)| < § for all 2,y € J that
satisfies |z — y| < J. Since I; C J we have,

(3wl f) =sup{lfule) = fu)] vy € D} < 3

Now let x,y € I;. Using equations (2) and (3) we have,

[f@) = fWl < |f() = fal@)| + [ fal@) = fu@) + 1 faly) — f()]
< stgts

= €
We see that,

w(lh, f) = sup{[f(z) = f(Y)| -2,y € L} <€

Using the construction above, we construct a sequence {/;} of closed
intervals such that I, C Ip C I§ for k =1,2,... and
1
(4) Wik, f) = 7

By the Nested Intervals Theorem [4], the set
K
k=1

contains at least one point zg and xy € Iy. It follows from (4) that
w(xg) = 0. By Lemma 10, f is continuous at xo. This completes the
proof. O
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7. BAIRE ONE AND FIRST-RETURN RECOVERABILITY

A well known fact from analysis is that a continuous function f :
[0,1] — [0,1] is uniquely determined by its values on any countable
dense set in [0, 1] (we define what it means for a set to be dense later
on) [9]. We extend this idea to Baire one functions and ask whether
they too can be determined by its values on any countable set. Since
not all Baire one functions are continuous, the answer is no, but there
are certain countable dense sets that give us some nice results. We
conclude with a characterization of Baire one functions using the notion
of first return recoverability. First, let’s state several definitions.

Definition 9 (Dense set). [8] A set D C X is dense in X if for any
point x € X, any neighborhood of x contains at least one point from
D.

Equivalently, D is dense in X if and only if D = X, where D is the
closure of D.

Underlying our characterization is the idea of what we call a trajec-
tory. This is defined below.

Definition 10. A trajectory is any sequence {x,} of distinct points
in [0, 1], whose range is dense in [0, 1].

Any countable dense set J C [0,1] is called a support set and any
enumeration of D is also a trajectory. If the value of a continuous
function f : [0,1] — R at each point in a trajectory is known, then
there is an algorithm that computes the value of the function at any
point in [0, 1].

Definition 11. Let {z,} be a fized trajectory and lety € [0, 1]. Suppose
p >0 and let B,(y) = {xz € [0,1] : |x —y| < p}. Also, let r(B,(y)) be
the first element of the trajectory in B,(y). The first return route
to y, denoted R, = {yx}, is given by the recursive formula

Y1 = To,

Ypr1 = { T(Bly—y(¥), ify # i
o Yk, iy = Yk

The function f : [0,1] — R is called first return recoverable with respect
to {x,} if for each y € [0, 1],

Jim fye) = F(y),

and f is first return recoverable if there exists a trajectory {z,} such
that f is first return recoverable with respect to {z,}.
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It can be shown that a function f : [0,1] — R is continuous if and
only if it is first-return recoverable with respect to every trajectory.
However, if we weaken this condition, we obtain the following theorem
characterizing Baire class one functions. Before we present the theo-
rem, we introduce the definition of a G set. It will be used in the proof
of our last theorem.

Definition 12 (G set). [4] A subset G C R is called a G4 set if G
is a countable intersection of open sets. In other words, G =\, G,
where each G, is an open subset of R.

Note that by DeMorgan’s Laws, the complement of a G set is F,
[4].

Theorem 6. A function f : [0,1] — R is first return recoverable if and
only if it is of Baire class one.

Proof. We will prove the forward direction. The other direction is given
in [6], which we leave to the reader. Suppose f :[0,1] — R is first re-
turn recoverable with respect to a trajectory {x,}. It suffices to show
that for each real number 7, the set A = {z € [0,1] : f(z) > r} is a
G set. If we can prove this, then we know that — f is also first return
recoverable and that {z € [0,1] : —f(z) > —r} is a G set, or equiv-
alently {x € [0,1] : f(z) < r}is a G4 set. It follows from Theorem 4
that f is Baire one.

Since f is first return recoverable with respect to a trajectory {z,},
f(z) = limy_ f(yx) for all z € [0, 1] where {y;} = R,, as defined in
the definition above. Fix r € R. We assume the following.

(1) For each positive integer k, let I = (r — £, 00).
(2) Let {x,,} be a subsequence of the trajectory {z,} consisting

of those x, € f~'(I;). In other words, those z, that satisfy

fl@n) >r— 1.

(3) For each j € N, let d; = min{3|x,, — z;| : i < n;}, and let
Oj = (,I’nj — dj,l’nj + d])

Let
Hk:ﬂ|i Oju{xn17$n27"‘?xnil}:|'
=1 tg5=1

From (1), (2), and (3) above, we have

i
k=1
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We now show that for each fixed k, Hy is Gs. First, since the union
of any collection of open sets is open, U;’; O; is an open set. Second,
the set {Zn,,Zn,,...,xn,_,} is G5 because it has a finite number of
elements [4]. Hence, it is equal to a countable intersection of open
sets. Let G = |J;2; O; and the set {2, ¥pys ..o, T, } = ey G It
follows that,

n - ou[el
n=1

- ﬁ[auan}

where GG and each (,, are open sets. Thus, H}, is a countable intersec-
tion of Gy sets and is a Gy set. It follows easily that A is a G set as
well. O

8. CONCLUSION

While the definition of a Baire one function is fairly straightforward,
this paper shows that some of its properties and examples certainly
are not. In fact, most research papers dealing with this topic require
graduate-level analysis and/or topology in order to fully appreciate
(and understand) the results. Hence, many of the (perhaps) more
interesting results are not presented here.

With that said, there is great potential for further study of Baire
functions once one becomes more mathematically mature. Therefore,
this paper can be regarded as a starting point to a future, more in-depth
project or thesis.
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