3

Rules for Finding Derivatives

It is tedious to compute a limit every time we need to know the derivative of a function.
Fortunately, we can develop a small collection of examples and rules that allow us to
compute the derivative of almost any function we are likely to encounter. Many functions
involve quantities raised to a constant power, such as polynomials and more complicated
combinations like y = (sinz)*. So we start by examining powers of a single variable; this
gives us a building block for more complicated examples.

3.1 THE POWER RULE

We start with the derivative of a power function, f(z) Here n is a number of
any kind: integer, rational, positive, negative, even irrational, as in ™. We have already

computed some simple examples, so the formula should not be a complete surprise:

It is not easy to show this is true for any n. We will do some of the easier cases now, and
discuss the rest later.

The easiest, and most common, is the case that n is a positive integer. To compute
the derivative we need to compute the following limit:

d ., . (x4 Azt —a"
—a" = .

dz”  Ar—0 Az

For a specific, fairly small value of n, we could do this by straightforward algebra.
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Now without much trouble we can verify the formula for negative integers. First let’s
look at an example:

EXAMPLE 3.1.2 Find the derivative of y = 2%, Using the formula, 3’ = —3z73"! =
—3z7%, al

Here is the general computation. Suppose n is a negative integer; the algebra is easier
to follow if we use n = —m in the computation, where m is a positive integer.

. (4 Az)T -
= lim —F——
Az—0 Az

1 1
@ran™  om

Az—0 Ax
2™ — (z+ Ax)™
= lim ———————/—
Az—0 (z 4+ Az)mam Az

2™ — (2™ + ma™ Ax + aga™ 2 Az 4 -+ 4oz DA™ 4+ Ax™)

= lim
Az—0 (x4 Az)mamAx
n —ma™ T — apr™ 2AL — - =y x A2 — Az
= lm
Az—0 (z + Az)mgm
~1 m—1
—ma™ —mx 1 Cm— -
_Tma L ImE T pgmele2m_ paemel pane
xmgm xlm,

‘We will later see why the other cases of the power rule work, but from now on we will
use the power rule whenever n is any real number. Let’s note here a simple case in which
the power rule applies, or almost applies, but is not really needed. Suppose that f(z) = 1;
remember that this “1” is a function, not “merely” a number, and that f(z) = 1 has a
graph that is a horizontal line, with slope zero everywhere. So we know that f/(z) = 0.
We might also write f(z) = 2°, though there is some question about just what this means
at o = 0. If we apply the power rule, we get f'(z) = 0z~! = 0/z = 0, again noting that

there is a problem at z = 0. So the power rule “works” in this case, but it’s really best to

just remember that the derivative of any constant function is zero.

Exercises 3.1.

Find the derivatives of the given functions.
1. g0 9. g l00

' = z =
1
3. == 4. 2" =
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EXAMPLE 3.1.1 Find the derivative of f(z) = z°.

2% + 322 Az + 3xAz? + Az® — 23

- Alalr%() Az
. 32%Az + 3zAa? + Az?
= lm —mMM
Az—0 Ax

= lim 322 + 3zAx + Az® = 322
Az—0 -

The general case is really not much harder as long as we don’t try to do too much.

n

The key is understanding what happens when (z + Az)" is multiplied out:

(z+ Az)" =2" + na" Az 4 aga" 2 Az% + -+ +ap_1eAa" Tt + A,

We know that multiplying out will give a large number of terms all of the form z'Az’, and
in fact that i+ j = n in every term. One way to see this is to understand that one method
for multiplying out (z + Az)" is the following: In every (z + Az) factor, pick either the =
or the Az, then multiply the n choices together; do this in all possible ways. For example,
for (x + Az)®, there are eight possible ways to do this:
(z + Az)(z + Az)(z + Az) = zax 4+ zelAx + zAzz + cArAx
+ Azzx + AzzAz + AzAzz + AzAzAx
=2® + 22 Az + 2?Ax + zA2?
+ 22 Az + 2Az? + xAz? 4 Ax?
= 2% 4 32%Ax + 3xAx? 4+ A
No matter what n is, there are n ways to pick Az in one factor and x in the remaining
n—1 factors; this means one term is nz" ' Ax. The other coefficients are somewhat harder
to understand, but we don’t really need them, so in the formula above they have simply
been called as, a3, and so on. We know that every one of these terms contains Az to at

least the power 2. Now let’s look at the limit:

ot Al — g
~ lim EtAD"—an

Az—0 Ax
2"+ e Az + aoa" 2 A2 + - 4 ap g zAz" T + Azt — 2
= lim
Az—0 Az
 onaz" Az 4 agx" 2Ax? 4 Fap g zAx T 4 Az
= lim
Az—0 Ax

= Alim0 na" '+ asa" Az + -+ a1 xAz" 2 Ar" T = na L
P
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3.2 LINEARITY OF THE DERIVATIVE

An operation is linear if it behaves “nicely” with respect to multiplication by a constant
and addition. The name comes from the equation of a line through the origin, f(z) = mz,
and the following two properties of this equation. First, f(cz) = m(cz) = ¢(mz) = cf(z),
so the constant ¢ can be “moved outside” or “moved through” the function f. Second,
fl@+y) =m(z+y) =mz+my = f(z)+ f(y), so the addition symbol likewise can be
moved through the function.

The corresponding properties for the derivative are:

(/@) = e () = e (@) = ef (&),

and

(@) + 9@ = (@) +9(0) = A7) + ~o0() = 1) + ' (2)

It is easy to see, or at least to believe, that these are true by thinking of the dis-
tance/speed interpretation of derivatives. If one object is at position f(t) at time ¢, we
know its speed is given by f’(t). Suppose another object is at position 5f(t) at time ¢,
namely, that it is always 5 times as far along the route as the first object. Then it “must”
be going 5 times as fast at all times.

The second rule is somewhat more complicated, but here is one way to picture it.
Suppose a flatbed railroad car is at position f(t) at time ¢, so the car is traveling at a
speed of f'(t) (to be specific, let’s say that f(¢) gives the position on the track of the rear
end of the car). Suppose that an ant is crawling from the back of the car to the front so
that its position on the car is g(t) and its speed relative to the car is g'(t). Then in reality,
at time ¢, the ant is at position f(t) + g(t) along the track, and its speed is “obviously”
() +4g'(1).

‘We don’t want to rely on some more-or-less obvious physical interpretation to deter-
mine what is true mathematically, so let’s see how to verify these rules by computation.
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‘We'll do one and leave the other for the exercises.

4 a(e)) — tim LA T ola + A) — (/) + 9(x)

dx Az—0 Az
_ iy L@ A (@t Ar) - [(@) — g(@)
Az—0 Az
- fla+ Az) — f(z) + g(z + Azx) — g(x)
Az—0 Az
_ o (f@tAz) - f(z) | glz+ Az) - g(x)
- Al;lgn ( Az + Az )
St An) — f@) . gl@t Az) —g(x)
- Alalrrﬂﬂ Az + Al;ygo Az

f'(@) +g'(2)
This is sometimes called the sum rule for derivatives.

EXAMPLE 3.2.1 Find the derivative of f(z) = z° + 52%. We have to invoke linearity
twice here:
d d 5 d d
f(z) = E(aﬁ +52%) = s E(sﬁ) =5zt + SE(zQ) =52t +5- 22 = 5at + 10z,
ul
Because it is so easy with a little practice, we can usually combine all uses of linearity

into a single step. The following example shows an acceptably detailed computation.
EXAMPLE 3.2.2 Find the derivative of f(z) = 3/z* — 222 + 6z — 7.

d (3 d .
f(z) = e (? — 227 + 67 — 7) = 5(315*4 —22% + 62— 7) = —1227° — 4z + 6.

Exercises 3.2.

Find the derivatives of the functions in 1-6.
1. 52° +122% — 15 =
2. —42° +32% - 5/a° =
. 5(=3a% + 5z + 1) =
. f(z) + g(x), where f(z) = 2° — 3z + 2 and g(z) = 22° — 50 =
L@+ +20-3) >
. /625 — 22 + 32” 4 12 (Sce section 2.1.) =
. Find an equation for the tangent line to f(z) = 2°/4 — 1/z at & = ~2. =
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¢'(z) must actually exist for this to make sense. We also replaced Alimn f(z + Az) with
2>

f(z)—why is this justified?

‘What we really need to know here is that Alim0 flz+ Az) = f(z), or in the language

T

of section 2.5, that f is continuous at z. We already know that f’(z) exists (or the whole
approach, writing the derivative of fg in terms of f’ and g¢’, doesn’t make sense). This
turns out to imply that f is continuous as well. Here’s why:

Jim (x4 A) (o + Az) — f(a) + /()

. flz+Az)— f(z)
AI;IEn Az

=f(z) 0+ f(2) = f(x)

lim
Az—0

Ar fim, /@

To summarize: the product rule says that
U @g(@) = f(2)g () + [ (z)g(x)-

Returning to the example we started with, let f(z) = (¢° +1)(z* — 3x). Then f(z) =
(22 +1)(32% — 3) + (22)(2® — 32) = 32 — 327 + 32% — 3+ 22" — 622 = 527 — 627 — 3,
as before. In this case it is probably simpler to multiply f(z) out first, then compute the
derivative; here’s an example for which we really need the product rule.

EXAMPLE 3.3.1 Compute the derivative of f(z) = 221/625 — 22. We have already

d —
computed —1/625 — 22 = ——. Now
P dx V625 —

= —a% +22(625 — 2? —32% + 1250
f'(x) = a? o+ 20/625 — a2 = @® + 2u( o) _ 230 + 12500
&

V625 — 625 — 22 625 — 22

Ezxercises 3.3.

In 1-4, find the derivatives of the functions using the product rule.
1. 2%(@® — 5z +10) =
2. (¢ + 5z — 3)(¢” — 62° + 32° — Tw + 1) =

3. Vo625 — 22 =

o

5. Use the product rule to compute the derivative of f(z) = (22 — 3)®. Sketch the function.
Find an equation of the tangent line to the curve at = 2. Sketch the tangent line at z = 2.
=
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8. Find an equation for the tangent line to f(z) = 32* — 7° at & = 4. =

9. Suppose the position of an object at time ¢ is given by f(t) = —49¢t>/10 + 5t 4+ 10. Find a
function giving the speed of the object at time ¢. The acceleration of an object is the rate at
which its speed is changing, which means it is given by the derivative of the speed function.
Find the acceleration of the object at time ¢. =

10. Let f(x) = 2° and ¢ = 3. Sketch the graphs of f, ¢f, f’, and (cf) on the same diagram.
11. The general polynomial P of degree n in the variable  has the form P(z) = Zakmk =
k=0

ap+ a1z + ...+ apz”. What is the derivative (with respect to z) of P? =
12. Find a cubic polynomial whose graph has horizontal tangents at (—2,5) and (2, 3). =

13. Prove that %(cf(z)) = cf'(z) using the definition of the derivative.

14. Suppose that f and g are differentiable at 2. Show that f — g is differentiable at x using the
two linearity properties from this section.

3.3 THE ProDUCT RULE

Consider the product of two simple functions, say f(z) = (z* + 1)(2® — 32). An obvious
guess for the derivative of f is the product of the derivatives of the constituent functions:
(22) (322 —3) = 62> —62. Ts this correct? We can easily check, by rewriting f and doing the
calculation in a way that is known to work. First, f(z) = 2° —32° +2° —3z = 2° —22° -3z,
and then f'(z) = 52* — 622 —3. Not even close! What went “wrong”? Well, nothing really,
except the guess was wrong.

So the derivative of f(z)g(x) is NOT as simple as f’(z)g'(x). Surely there is some
rule for such a situation? There is, and it is instructive to “discover” it by trying to do
the general calculation even without knowing the answer in advance.

d . fl@+ Az)g(x + Az) — f(z)g(x)
U @g(2)) = lim Az
_ iy et An)g(x+ Az) - [z + Az)g(@) + f(2 + Av)g(w) — f(@)g(x)
Az—0 Az
~ fim flz+ Az)g(z + Az) — f(z + Az)g(x) + lim flz+ Az)g(z) — f(x)g(z)
T Aa—0 Az Az—0 Az
= lim f(o+ Andt Agz —9@) | Jim St AA‘T; 1

= f(2)g'(@) + f'(x)g(x)

A couple of items here need discussion. First, we used a standard trick, “add and subtract
the same thing”, to transform what we had into a more useful form. After some rewriting,
we realize that we have two limits that produce f'(z) and ¢'(z). Of course, f'(z) and
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6. Suppose that f, g, and h are differentiable functions. Show that (fgh)'(z) = f'(z)g(z)h(z)+
[(x)g' (@)h(@) + f(@)g(x)l ().

7. State and prove a rule to compute (fghi)’(z), similar to the rule in the previous problem.

Product notation. Suppose fi, f2,... fn are functions. The product of all these functions
can be written

[T

k=1
This is similar to the use of Z to denote a sum. For example,

5
H fr = fifafafafs
k=1

and
k=1-2-...-n=nl

=

k

1

‘We sometimes use somewhat more complicated conditions; for example
Tr
k=1 k#j
denotes the product of fi through f, except for f;. For example,

¥ =z.2?. 2% 2" =2
k=1k#4
8. The generalized product rule says that if fi, fo,..., fn are differentiable functions at x
then
. n n
= [Ir@=>(f@ II #@]|.
k=1 i=1 k=1,k#j

Verify that this is the same as your answer to the previous problem when n = 4, and write

out what this says when n = 5.

3.4 THE QUOTIENT RULE

What is the derivative of (2% + 1)/(2* — 3x)? More generally, we’d like to have a formula
to compute the derivative of f(z)/g(z) if we already know f’(z) and ¢'(z). Instead of
attacking this problem head-on, let’s notice that we’ve already done part of the problem:
f(x)/g9(z) = f(z)-(1/g(z)), that is, this is “really” a product, and we can compute the
derivative if we know f’(x) and (1/g(z))’. So really the only new bit of information we
need is (1/g(z))" in terms of ¢'(x). As with the product rule, let’s set this up and see how
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far we can get:

1 1
d 1 . @A) g

dz g(x) v Ax

_ i 9@ —gla+ A)
Az—0 g(x + Az)g(z)Ax

~ tim 7‘(](:)3 + Az) — g(x) 1
Az—30 Az g(z+ Az)g(x)
_ @
9(x)?

Now we can put this together with the product rule:

@) _ @) 1 —f@)g @)+ e _ M@ - f@)d @)
&g O 5er T pER PEE

EXAMPLE 3.4.1 Compute the derivative of (22 + 1)/(z® — 3z).
d 22+1  22(2®—3z)— (2 +1)(322—3) —a'—62"+3

dr 7% — 3z (23 — 3x)? (23 — 3x)? -

It is often possible to calculate derivatives in more than one way, as we have already
seen. Since every quotient can be written as a product, it is always possible to use the
product rule to compute the derivative, though it is not always simpler.

EXAMPLE 3.4.2 Find the derivative of /625 — 22//x in two ways: using the quotient
rule, and using the product rule.
Quotient rule:
4 VBB Ja(—a/VE25 %) — V625 —a? - 1/(2VE)
de  z N x ’

Note that we have used /z = /2 to compute the derivative of /z by the power rule.

Product rule:

d -1
V625 — 220V = /625 — a2 a2 ¢
dx 2

With a bit of algebra, both of these simplify to
z? 4625
2/625 — 2223/2
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9. If f'(4) =5, g'(4) =12, (fg)(4) = f(4)g(4) = 2, and g(4) = 6, compute f(4) and %g at 4.
=

3.5 THE CHAIN RULE

So far we have seen how to compute the derivative of a function built up from other
functions by addition, subtraction, multiplication and division. There is another very
important way that we combine simple functions to make more complicated functions:
function composition, as discussed in section 2.3. For example, consider /625 — 22. This
function has many simpler components, like 625 and 22, and then there is that square root
symbol, so the square root function vz = 22 is involved. The obvious question is: can
we compute the derivative using the derivatives of the constituents 625 — 22 and v/z? We
can indeed. In general, if f(z) and g(z) are functions, we can compute the derivatives of

f(g(z)) and g(f(z)) in terms of f'(z) and ¢'(z).

EXAMPLE 3.5.1 Form the two possible compositions of f(z) = vz and g(z) =
625 — 2 and compute the derivatives. First, f(g(z)) = v/625 — 22, and the derivative
is —x//625 — 22 as we have seen. Second, g(f(z)) = 625 — (v/x)? = 625 — x with deriva-
tive —1. Of course, these calculations do not use anything new, and in particular the

derivative of f(g(z)) was somewhat tedious to compute from the definition. o

Suppose we want the derivative of f(g(z)). Again, let’s set up the derivative and play
some algebraic tricks:

2 itay) = gm0 A = JGo)

Az—0 Az
i {0+ 80) — (9(a)) oo + Ax) ~ gla)
Az—0  g(z+ Az) — g(z) Az

Now we see immediately that the second fraction turns into g’(2) when we take the limit.
The first fraction is more complicated, but it too looks something like a derivative. The
denominator, g(x + Az) — g(z), is a change in the value of g, so let’s abbreviate it as
Ag = g(x + Az) — g(x), which also means g(z + Az) = g(z) + Ag. This gives us

i 109+ Ag) — f(g(x)
Ar—0 Ag :

As Az goes to 0, it is also true that Ag goes to 0, because g(z + Az) goes to g(x). So we
can rewrite this limit as
li Ll@) + Ag) ~ flg(x))
1
Ag—0 Ag
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Occasionally you will need to compute the derivative of a quotient with a constant
numerator, like 10/22. Of course you can use the quotient rule, but it is usually not the
casiest method. If we do use it here, we get

d10  2-0-10-2z  —20
dea? a4 o
since the derivative of 10 is 0. But it is simpler to do this:

d10 d o _3
—— = —1027" = -202""°.
dea?®  do
Admittedly, 2? is a particularly simple denominator, but we will see that a similar calcu-
lation is usually possible. Another approach is to remember that
d 1 _—g()
dog(@)  g(@)*’
but this requires extra memorization. Using this formula,
d10 -2
dxa?

Note that we first use linearity of the derivative to pull the 10 out in front.

4’

Ezxercises 3.4.

Find the derivatives of the functions in 1-4 using the quotient rule.

1 2 2® + 503 N

: : 623 4+ 322 — Tz + 1
V625 — a2

3. 4 VOB

5. Find an equation for the tangent line to f(z) = (° —4)/(5 — «) at © = 3. =
6. Find an equation for the tangent line to f(z) = (z — 2)/(¢® + 4z — 1) at x = 1. =

7. Let P be a polynomial of degree n and let Q be a polynomial of degree m (with Q not the
zero polynomial). Using sigma notation we can write

P= iam‘”, Q= ibkwk.
k=0 k=0

Use sigma notation to write the derivative of the rational function P/Q.

8. The curve y = 1/(1 + ”) is an example of a class of curves each of which is called a witch
of Agnesi. Sketch the curve and find the tangent line to the curve at z = 5. (The word
witch here is a mistranslation of the original Italian, as described at

http://mathworld.wolfram.com/WitchofAgnesi.html

and
http://witchofagnesi.org/

=
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Now this looks exactly like a derivative, namely f’(g(z)), that is, the function f’(z) with
x replaced by g(x). If this all withstands scrutiny, we then get

L 1o(@) = 19 @)

Unfortunately, there is a small flaw in the argument. Recall that what we mean by lima, o
involves what happens when Az is close to 0 but not equal to 0. The qualification is very
important, since we must be able to divide by Az. But when Az is close to 0 but not equal
to 0, Ag = g(z + Az)) — g(x) is close to 0 and possibly equal to 0. This means it doesn’t
really make sense to divide by Ag. Fortunately, it is possible to recast the argument to
avoid this difficulty, but it is a bit tricky; we will not include the details, which can be
found in many calculus books. Note that many functions g do have the property that
g(z + Az) — g(x) # 0 when Az is small, and for these functions the argument above is
fine.

The chain rule has a particularly simple expression if we use the Leibniz notation for
the derivative. The quantity f’(g(z)) is the derivative of f with = replaced by g; this can
be written df /dg. As usual, ¢'(z) = dg/dz. Then the chain rule becomes
df _ df dg

dr @dl‘.

This looks like trivial arithmetic, but it is not: dg/dz is not a fraction, that is, not literal
division, but a single symbol that means ¢(x). Nevertheless, it turns out that what looks
like trivial arithmetic, and is therefore easy to remember, is really true.

It will take a bit of practice to make the use of the chain rule come naturally—it is
more complicated than the earlier differentiation rules we have seen.

EXAMPLE 3.5.2 Compute the derivative of /625 — 22. We already know that the
answer is —2/1/625 — 22, computed directly from the limit. In the context of the chain
rule, we have f(z) = v, g(z) = 625 — 2. We know that f'(z) = (1/2)z~ /2 so
F'(g(x)) = (1/2)(625 — 2)~ /2. Note that this is a two step computation: first compute
f'(z), then replace x by g(z). Since ¢'(z) = —2z we have

1 —z

Flele)g (@) = s (F20) = e

a

EXAMPLE 3.5.3 Compute the derivative of 1/4/625 — 2. This is a quotient with a
constant numerator, so we could use the quotient rule, but it is simpler to use the chain
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rule. The function is (625 —22)~"/2, the composition of f(z) = 2~/ and g(z) = 625 — z°.
We compute f'(z) = (—1/2)z~3/? using the power rule, and then

-1 T

76T @) = 55— () = G g

[m]

In practice, of course, you will need to use more than one of the rules we have developed
to compute the derivative of a complicated function.

EXAMPLE 3.5.4 Compute the derivative of

The “last” operation here is division, so to get started we need to use the quotient rule
first. This gives

(22 = 1)'ava? +1— (a® - 1)(zVaZ + 1)

I = 22(x2 4+ 1)
~22Va? 11— (@ - D(ava®+ 1)
N z2(x2 + 1) :

Now we need to compute the derivative of zv/2? + 1. This is a product, so we use the
product rule:

d d ‘
%1\/12+1:$%\/12+1+ 224 1.

Finally, we use the chain rule:

d d 1, T
el 2 :_,2 1/2:_,1 71/2 o) —
Ve +1 dz(l +1) 2(z +1) (2z) e
And putting it all together:
Fla) = 220222 +1— (2% — 1)(ava2 + 1)
E z2(x2 + 1)
22V T - (12— 1 (l—” +m)
B A E
z2(z2 4+ 1) :

This can be simplified of course, but we have done all the calculus, so that only algebra is
left. [u]
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Ezxercises 3.5.
Find the derivatives of the functions. For extra practice, and to check your answers, do some of
these in more than one way if possible.

12" 3% + (1/2)a* + Te — 7 = 2® — 20 + 4T =

2
3. (®+1)° = 4. /169 — 22 =
5. (¢® — 4z +5)V/25 — a2 = 6. \/r? — a2, ris a constant =
7 142t = 8 ;. =
5—x
2
5 1
9. (1+32)° = T
1-z
2
11. = 12. @—za
x

13. V& — 22— (1/z) = 14. 100/(100 — 2?)*/% =
15. Vot = 16. /(@2 + 12+ 1+ @ + 17 =

17. (z+8)° = 18. (4—-2)° =
19. (z°+5)° = 20. (6-22°)° =
21, (1-42°)% = 22, 5(z+1-1/z) =
2 -2 1
23. 4(22° —2+3)7 = L i
73 2 90\ /6
B 26. (2 +1)(5 - 22)/2 =
27. (32 +1)(20 —4)° = 28. :fi
22— 1 (x —1)(x—2)
= R
PP S SN 32. 3(2 +1)(22° — 1)(2x +3) =
. 3171 41;72 . X XL
33, — 1 34. (2z4+1)7'+3)7 ' =

2z +1)(x—23)
35. (2z+1)°(" +1)° =

36. Find an equation for the tangent line to f(z) = (z — 2)"/*/(¢® + 42— 1)* at x = 1. =
37. Find an equation for the tangent line to y = 922 at (3,1). =
38. Find an equation for the tangent line to (¢* — 4z + 5)1/25 — 22 at (3,8). =
2
. 1
39. Find an equation for the tangent line to % at (2,-7). =
-

40. Find an equation for the tangent line to /(22 + 1)2 + /1 + (22 + 1)2 at (1,\/4+ V5). =
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EXAMPLE 3.5.5 Compute the derivative of {/1+1/1+ v/z. Here we have a more

complicated chain of compositions, so we use the chain rule twice. At the outermost “layer”

we have the function g(z) = 1+ 1/1+ v/z plugged into f(z) = v/, so applying the chain
rule once gives

df’i\/u\/u\f:%<1+\/1+\/§)71/2%<1+m).

Now we need the derivative of 1/1 + y/z. Using the chain rule again:

d
—\/1+Va =
dx

So the original derivative is

d 1 1/21 —12 1 g
\/ /2
- 1+\/1+\f 2<1+\/1+\/E) 2(1+\/§r,) SR

1
_8\/5«/14—\/5\/1-%—\/1-%—\/5 o

Using the chain rule, the power rule, and the product rule, it is possible to avoid using

1 —1721 _
5(1+\/5) 3% 12,

the quotient rule entirely.

EXAMPLE 3.5.6 Compute the derivative of f(z) =
then

o Write f(z) = 23(2?+1) 71,

flz) =2 v (2 + 1)+ 327 +1) 7!

=a3(=1)(a® + 1)7%(2z) + 32%(2® + 1) "

=—2"(2? + 1) % + 32%(a® + 1)!

o =2t . 322

C(@241)2 2241

=2t . 322(z2 +1)

T (@2+1)2 T (a2 +1)2

=2z + 320 + 322 2t 4+ 3a?
(x24+1)2 T (a2 41)2

Note that we already had the derivative on the second line; all the rest is simplification. It

is easier to get to this answer by using the quotient rule, so there’s a trade off: more work
for fewer memorized formulas. o



